We study a nonrelativistic quantum mechanical particle on an interval of finite length with a Hamiltonian that has a p 3 correction term, modelling potential low energy quantum gravity effects. We describe explicitly the U (3) family of the self-adjoint extensions of the Hamiltonian and discuss several subfamilies of interest. As the main result, we find a family of self-adjoint Hamiltonians, indexed by four continuous parameters and one binary parameter, whose spectrum and eigenfunctions are perturbatively close to those of the uncorrected particle with Dirichlet boundary conditions, even though the Dirichlet condition as such is not in the U (3) family. This ensures the existence of unitary quantum theories that are perturbatively close to the uncorrected Dirichlet theory. Our boundary conditions do not single out distinguished discrete values for the length of the interval in terms of the underlying quantum gravity scale.
Introduction
Several theories of quantum spacetime suggest that low energy corrections due to quantum gravity can be modelled by adding to the conventional quantum mechanical position or momentum operators terms that depend on higher powers of the momentum [1] . Such corrections could be experimentally accessible at low energies through their effects on the the spectra of quantum mechanical observables, or through their effects on uncertainty relations. An overview can be found in [1] . A case study with a specific form of the correction terms is given in [2] . A discussion within quantum field theory is given in [3] .
In this paper we consider the quantum mechanics of a nonrelativistic particle with a p 3 correction on an interval. The physical motivation to work on an interval of finite 1 length, rather than on the full real line, is to relate the p 3 term to ideas about discreteness of spacetime: might the coefficient of the p 3 correction, of quantum gravitational origin, single out some discrete values of the interval's length as physically preferred [4] ?
A technical issue on the interval is that writing down the Hamiltonian as a differential operator, with or without the p 3 term, does not suffice to define a quantum theory with unitary evolution. What is required is to specify at the ends of the interval boundary conditions that define the Hamiltonian as a self-adjoint operator [5, 6, 7] . Without the p 3 term, the allowed boundary conditions form a U(2) family, which includes as special cases Dirichlet, Neumann and Robin boundary conditions at each of the two ends, but also boundary conditions that relate the two ends, including periodic boundary conditions [7, 8, 9, 10] . With the p 3 term, by contrast, the allowed boundary conditions form a U(3) family [11] , within which the uncorrected U(2) family is embedded in a rather suble way, as we shall show. In particular, the U(3) family does not contain the Dirichlet conditions of the uncorrected theory. Yet it is the Dirichlet conditions that can be regarded as generic in the uncorrected theory, as they tend to ensue when the finite interval is built as the limit of a confining potential without fine-tuning [12] .
The following question hence arises. We wish to view the p 3 term as a small correction. Given a choice of boundary conditions within the uncorrected U(2) family, do there exist boundary conditions in the corrected U(3) family for which the effects of the p 3 term remain small, in the sense of perturbative expandability [13] : do the corrected eigenenergies and eigenfunctions approach the uncorrected ones when the coefficient of the p 3 term goes to zero? The main result of this paper is to show that the answer is affirmative for the Dirichlet boundary conditions of the uncorrected theory, and that the subfamily of U(3) for which this happens is, under certain technical assumptions, indexed by four continuous parameters and one binary parameter. For this subfamily of U(3), the spectrum of the p 3 -corrected theory does however not appear to have structure that would single out distinguished discrete values of the interval's length in terms of the coefficient of the p 3 term.
As an intermediate result, we give an explicit description of the full U(3) family of boundary conditions in the p 3 -corrected theory. The U(3) family is in particular seen to contain the U(1) subfamily of periodicity up to a prescribed phase, and within this U(1) subfamily the p 3 corrections are small in the sense of perturbative expandability. We also show that in the p 3 -corrected theory, boundary conditions independent of the second derivative of the wave function form a U(1) subfamily in which the wave function vanishes at both ends and its first derivative is periodic up to a prescribed phase. Numerical evidence suggests that when the coefficient of the p 3 term is small, the spectrum within this U(1) subfamily is close to that of the uncorrected theory with Dirichlet boundary conditions, but the appearance of the derivative in the boundary conditions implies that the derivatives of the wave functions cannot be close. The closeness in the eigenenergies does hence not extend to closeness in all quantum mechanical observables, in particular in observables involving derivatives.
We begin by introducing in Section 2 the Hamiltonian and writing down its U(3) family of self-adjoint extensions, deferring technical material to two appendices. Relevant facts about the uncorrected Hamiltonian are collected in Section 3. Section 4 discusses two special U(1) subfamilies of boundary conditions, first periodicity up to a prescribed phase, and then conditions independent of the second derivative. The main results about perturbatively near-Dirichlet boundary conditions are given in Section 5. Section 6 presents a brief summary and concluding remarks.
We maintain physical units in that the length of the interval has the physical dimension of length. We however drop an overall multiplicative constant from the Hamiltonian so that energies will have units of inverse length squared.
p

-corrected Hamiltonian and its self-adjoint extensions
We work in the Hilbert space
, where L is a positive constant with the physical dimension of length. We consider in H the Hamiltonian operator
where q is a dimensionless positive constant. For q = 0, H reduces to the Hamiltonian of a free nonrelativistic particle. The term that involves q can be thought of as an effective quantum gravity correction, proportional to p 3 [1, 4] . It would be possible to scale L out of the problem by writing x = Ly, where 0 ≤ y ≤ 1, and working in the Hilbert space L 2 ([0, 1], dy), but we prefer to keep L in the formulas, in view of potential applications to the underlying quantum gravity context. Note that assuming q > 0 is no loss of generality since the sign of q can be changed by the reparametrisation x → L − x.
H is densely defined and symmetric. As H is a third-order differential operator, the solutions to Hψ = ±iψ that are square integrable on [0, L] form a three-dimensional space for each sign. It follows from von Neumann's theorem that the self-adjoint extensions of H form a U(3) family [5, 6, 7, 11] .
To write down the boundary condition that specifies the self-adjoint extensions of H, we note that if ψ and φ are smooth functions on [0, L], the condition (ψ, Hφ) = (Hψ, φ) can be written as C(u, v) = 0, where
2)
In terms of (2.2)-(2.4), the self-adjointness conditions for H are the maximal linear subspaces of C 6 on which the sesquilinear form (2.2) vanishes [5, 6, 7] . These subspaces are found in Appendix A. We collect here the outcome.
The matrix G (2.3) is Hermitian, and its characteristic polynomial is the cubic
G has three distinct eigenvalues, which we denote in increasing order by λ − , λ 0 and λ + , and it can be shown that λ − < 0 < λ 0 < q < λ + . Let
be normalised eigen-covectors for respectively λ − , λ + and λ 0 , and let
The self-adjointness boundary conditions for H then read
where the matrix U ∈ U(3) specifies the self-adjoint extension. Expressions for the eigenvalues from the cubic solution formula are cumbersome, but it can be verified using P G that the normalised eigen-covectors (2.5) are proportional to
where λ is the eigenvalue. Using (2.8) and P G allows us to verify identities that will be needed in subsection 4.2, including
Small q expansions of the eigenvalues and |λ| times the eigen-covectors are given in Appendix B.
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In the limit q → 0, H (2.1) becomes
and from the small q expansions of the eigenvalues and eigen-covectors of G given in Appendix B it is seen that the boundary condition (2.7) reduces to
where U 2 ∈ U(2). H q=0 is the Hamiltonian of the free nonrelativistic particle, and (3.2) is its well-known U(2) family of self-adjointness conditions on the interval [7, 8, 9, 10] .
We note two special choices for U 2 . First, the choice U 2 = e −iβ 0 0 e iβ , where 0 ≤ β < 2π, gives the boundary condition
which means that the eigenfunctions are periodic up to the prescribed phase e iβ . The eigenfunctions are proportional to exp i(2πm + β)x/L , where m ∈ Z, and the eigenenergies are
Second, the choice
gives the Dirichlet boundary condition,
The eigenfunctions are poportional to sin(mπx/L) , m = 1, 2, . . . , (3.6) and the eigenenergies are
4 Two special U (1) boundary condition families
In this section we consider two special U(1) boundary condition families.
Periodicity up to a prescribed phase
Consider in (2.7) the choice U = diag e −iβ , e iβ , e iβ , where 0 ≤ β < 2π. As the eigencovectors (2.5) are linearly independent, (2.7) is equivalent to
As q → 0, these eigenenergies satisfy
for each m, and the corresponding eigenfunctions and their all derivatives also tend to those of the q = 0 theory with the boundary condition (3.3). We may say that the q > 0 theory with (4.1) is perturbatively expandable about the q = 0 theory with (3.3) [13] . Note however that while the limit holds individually for each m, it does not hold uniformly in m: for fixed q > 0, E β m is close to E q=0,β m only when |2πm + β| ≪ 1/q.
Boundary conditions independent of φ
′′
We wish to find the most general U for which the boundary condition (2.7) involves neither φ ′′ (0) nor φ ′′ (L). Requiring u 3 and v 3 to drop out of (2.7), and using (2.9), we find that U is given by
where the asterisk denotes complex conjugation and the only remaining freedom is in the choice of the parameter α ∈ C with |α| = 1. It can be verified, using (2.9) and four other similar identities, that (2.7) with U given by (4.3) is equivalent to
where 0 ≤ β < 2π and e iβ is proportional to α in (4.3) by a phase that is determined by the phase choices of the eigen-covectors (2.5). (With the phase choices made in Appendix B, e iβ = α.) The numerical data in Table 1 gives strong evidence that as q → 0, the the eigenenergies under the boundary condition (4.4) converge to the q = 0 Dirichlet eigenenergies E do not satisfy (4.4b), the derivatives of the eigenfunctions cannot converge to those of the q = 0 Dirichlet eigenfunctions (3.6): the eigenfunctions contain a rapidly oscillating component, with the small q asymptotic form exp ix/(qL) , which must play an essential role in satisfying (4.4). Hence, the convergence of the eigenenergies does not guarantee that other quantum mechanical observables, in particular those involving derivatives, would also converge to those of the q = 0 Dirichlet theory.
For use in Section 5, we record here that when the phases of the eigen-covectors (2.5) are chosen as in Appendix B, the matrix (4.3) has the small q expansion
5 Near-Dirichlet spectrum at small q We saw in subsection 4.2 that the Dirichlet condition of the q = 0 theory does not generalise in a straightforward way to q > 0, where any boundary condition that does not involve φ ′′ must be in the U(1) family (4.4). We now show that when q is positive but small, there is a family of boundary conditions that are close to the q = 0 Dirichlet theory in the sense of perturbative expandability of both the eigenenergies and the corresponding wave functions [13] .
We look for solutions to the eigenvalue equation Hφ = Eφ in the form . Note that we have excluded from (5.1) a term proportional to the third linearly independent solution to Hφ = Eφ, given by exp(ir 0 x/L) where r 0 = 1 − qr − + 1 + 2qr − − 3q 2 r 2 − /(2q), because r 0 diverges as q → 0 so that the wave function with this term present would not be perturbatively expandable in q.
We choose the phases of the eigen-covectors (2.5) so that a 1 > 0, b 1 > 0 and c 3 > 0. From the small q expansions given in Appendix B it is seen that the q = 0 Dirichlet condition is then obtained from (2.7) by setting q = 0 and
where s may be any complex number of unit modulus. We hence look for a q > 0 boundary condition in which the matrix U in (2.7) has the form
where s is a q-independent complex number of unit modulus and the unitary matrix U 0 is the 3 × 3 identity matrix plus corrections in q.
The formulas in Appendix B show that the q-dependent coefficients in (2.7) have small q expansions that proceed in positive integer powers of q 1/2 . We hence assume that U 0 , r − and B have expansions that proceed in positive integer powers of q 1/2 . We find that there are exactly two ways to make the expansions consistent to order q 2 . These are as follows:
Case I. Set U 0 to the identity matrix and let s remain arbitrary. To order q 2 , we then find
The correction in the eigenergies (5.4d) occurs in order q 2 , which is higher than one might have expected on grounds of the order q term in H. Note that none of the formulas in (5.4) depend on s.
Case II. Set s = ±1 and
where k 1 , k 2 , k 3 and k 4 are real-valued constants, not all of them vanishing. The expressions (5.4) then acquire additional terms proportional to q 1/2 , q, q 3/2 and q 2 , with coefficients that involve s and positive powers of k 1 , k 2 , k 3 and k 4 . We record here only the expression for the eigenenergy:
Neither Case I nor Case II includes any of the φ ′′ -independent boundary conditions (4.4), as can be seen comparing (4.5) to (5.2) and to (5.3) with (5.5).
Neither Case I nor Case II remains consistent when the perturbative expansion is continued beyond order q 2 . Note that Case II assumes at least one of the constants k 1 , k 2 , k 3 and k 4 to be nonvanishing. The limit in which all four of these constants are taken to zero reduces to Case I with s = ±1.
The above perturbative treatment does not establish a rigorous sense in which the perturbative formulas (5.4d) and (5.6) approximate the eigenenergies at small q. Tables 2-5 present numerical evidence that the sense is likely to be asymptotic at q → 0 for each m, though not uniformly in m. Note that, as observed in subsection 4.1, this was also the sense of the q → 0 limit under the boundary conditions (4.1) that are periodic up to a prescribed phase. Table 4 : q = 10 −3 . As in Table 3 , for the 37 lowest positive eigenenergies, and for 1 ≤ m ≤ 35. E pert m (5.4d) is a good approximation to nine decimal places near the lower end and to four decimal places near the upper end, both for s = 1 and for s = −1. Within this energy range there are for each s only two eigenenergies that are not close to E pert m . Table 5 : q = 10 −4 . As in Table 4 , for the 102 lowest positive eigenenergies, suppressing the ranges of m where the pattern continues in a straightforward way. Apart from the two nonperturbative eigenenergies for each s, E pert m (5.4d) is accurate to 11 decimal places near the lower end and to five decimal places near the upper end. 13 
Conclusions
We have discussed the quantum mechanics of a nonrelativistic particle on an interval of finite length when the Hamiltonian contains a correction term proportional to p 3 . We gave an explicit description of the U(3) family of self-adjoint extensions of the Hamiltonian, and we showed that the only boundary conditions that do not involve the second derivative of the wave function require the wave function to vanish at the two ends and its derivative to be equal at the two ends up to a prescribed phase. This implies in particular that the Dirichlet condition of setting the wave function to zero at the two ends does not qualify on its own as a self-adjointness condition.
We saw that periodicity up to a prescribed phase does belong to the U(3) family of self-adjointness conditions. The eigenenergies and eigenfunctions were written down in terms of elementary expressions, and we noted that both the eigenenergies and the eigenfunctions are perturbatively expandable about the limit in which the coefficient of the p 3 correction term vanishes. Our main result was to find a subfamily of self-adjointness conditions, indexed by four continuous parameters and one binary parameter, under which both the eigenenergies and the eigenfunctions are perturbatively close to those of the uncorrected nonrelativistic particle under Dirichlet boundary conditions. We further showed that this subfamily is unique, subject to certain technical assumptions. We provided numerical evidence that the perturbative expansion is likely to be an asymptotic expansion that converges for each eigenenergy but not uniformly over the eigenenergies.
The physical motivation to consider a Hamiltonian with the p 3 correction term was that this term may model low energy effects due to quantum gravity [1] . Our main result reassures that the quantum theory in the presence of this term can be formulated on the interval so as to be unitary and perturbatively close to the uncorrected particle with the Dirichlet boundary conditions. The special interest of the Dirichlet conditions here is that they can be regarded as generic in the uncorrected theory when the two ends of the interval are considered to be independent of each other [12] .
Finally, we saw that the eigenenergies in our near-Dirichlet theories depend on the coefficient of the p 3 term through positive integer and half-integer powers, without rapid oscillations or other signs of irregularity. Our near-Dirichlet boundary conditions hence do not single out for this coefficient discrete values that could be regarded as a quantisation condition on the length of the interval in terms of the underlying quantum gravity scale [4] .
A Appendix: Subspaces of self-adjointness
In this appendix we perform the maximal linear subspace analysis that leads to the self-adjointness boundary conditions (2.7) in the main text.
A.1 Preliminaries
Let n be a positive integer and H = C 2n . Define on H the Hermitian form
where I is the n × n identity matrix. Lemma. The maximal linear subspaces V ⊂ H on which B(u, v) = 0 for all u, v ∈ V are
where U ∈ U(n). Proof. Let V ⊂ H be a linear subspace on which
From this, and the linear subspace property, it follows that there is a constant n × n matrix U such that each v ∈ V has the form 
A.2 Main proposition
where A is a Hermitian 2n × 2n matrix with n strictly positive eigenvalues and n strictly negative eigenvalues (each eigenvalue counted with its multiplicity). By matrix diagonalisation, there exists a unitary 2n × 2n matrix P and a real diagonal positive definite 2n × 2n matrix D such that
Proposition. The maximal linear subspaces V ⊂ H on which C(u, v) = 0 for all u, v ∈ V are
where U ∈ U(n).
Proof. Follows from the Lemma by observing that C(u, v) = B(DP u, DP v).
A.3 Application
We specialise (A.3) to
where G is a Hermitian 3 × 3 matrix with the eigenvalues λ − < 0, λ + > 0 and λ 0 > 0 and the corresponding orthogonal normalised eigen-covectors 
